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The use of microstrip lines for microwave applications is limited by a number of factors. These 
factors include line attenuation due to metallic loss, dielectric loss, and loss due to radiation 
from discontinuities and transitions. The latter loss constitutes one of the major limiting 
features at higher frequencies. Therefore the ability to understand radiation loss, predict it, 
and possibly control it is quite essential. This paper explains how a computer algebra (MAC- 
SYMA) was used to derive a closed-form expression for predicting the amount of radiation 
emanating from microstrip bends with arbitrary angle. The derivation of this expression is 
sufficiently messy and laborious that manual derivation would have been very difficult or 
almost impossible. 
1. Introduction 
All discontinuities and transitions in microstrip lines radiate, either by intention or 
spuriously. Estimates of the power radiated from various microstrip discontinuities such 
as the right-angle corner, open circuit, short circuit, matched and unmatched termination, 
Y-junction, and matched symmetrical T-branch were first reported by Lewin (1960, 1978a, 
1978b). Recently, more accurate stimates of the power radiated from open circuit and 
short circuit microstrip discontinuities, as well as from a mismatched termination were 
reported by Abouzahra & Lewin (1979) and Abouzahra (1981). In this paper, the computer 
algebra system MACSYMA (1985) and the far-field Poynting vector method, which was 
originally described by Lewin (1960) and later extended by Abouzahra & Lewin (1981) 
will be used to calculate the amount of power radiated from a microstrip bend. 
2. Analysis 
Figure 1 illustrates the microstrip bend configuration and the coordinate system used 
in this paper. This arrangement is such that one leg of the bend extends from -oo to 0 
along the z-axis, whereas the second leg makes an angle fl with the z-axis and extends 
from 0 to +cr Using the same method and scheme of notation outlined by Abouzahra 
(1981), and neglecting the second order effect caused by the reflection coming from the 
corner, the Hertzian vector, far from the origin has been calculated. The electric far-field 
components are then found, for a unit current wave incident from -co towards the corner, 
and are given by 
-60jkt e -ikr Cre-v /~ c o s 0 .  e cos ~-v /~e cos 0 J7 
Eo-  - -  - - cos  . . . . .  (1) 
e r L v/-~ -cos  0 x/~~ - [sin-0 s~n ~b sin fl + cos 0 cos B] ' 
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Figure 1. Microstrip band configuration a d coordinate system. 
E4, -60jkt e -jk~ - - - - -s in,C,[ ] 
e r [vc'66o'o - [sin 0 sin c b sin/3 + cos 0 cos/3] ,/-~. - cos 0J '  (2) 
where j = ~/'2-f, k is the free-space wavenumber, t is the substrate thickness, E is the 
substrate relative permittivity, ee is the relative effective permittivity, r is the distance 
from the corner to a far-field point, /3 is the bend angle, and 0 and r are defined in 
Figure 1. 
The radiated power which is given by 
p 1 [~/2 Io~ =--  [IE01 +l  l ]r  sin 0 dO (3) 
120r o-~./2 
can now be constructed by substituting (1) and (2) into (3) to get 
P = 60(kt)2F(B, e,,/3), (4) 
where F(~, ee,/3) is called the radiation factor and it is composed of eight double integrals 
over the two variables 0 and 4~. The majority of these integrals were considered to be too 
tedious, complicated, and error prone to be carried out by hand. The problem was 
therefore deemed ideal for a computer algebra system such as MACSYMA. 
3. MACSYMA Formulation 
The first seven ~b-integrals are found to be rational functions of sin(~b) and cos(4~) and 
contain a term g which is function of 0 and /3. The function g(O,/3) is governed by 
0 < g < 1. Some of  the seven integrals are tabulated and some are related to others through 
differentiation. However, some are untabulated and represent a challenge for a computer 
algebra system. The most difficult integral in this class is 
I ~/~ cos4(~) w2 (g sin(~b) + 1) 2 dqS. (5) 
The function g(8, ~) above has been discussed earlier and is defined later by equation 
(7). It should be noted here that since g is a function of 8 and/3, it will be considered 
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constant when the e-integration is performed. Using MACSYMA's definite integral 
package was found to be impractical because it queries the user about large numbers of 
side relations involving the term g. Instead, we evaluated the indefinite integral and then 
inserted the limits. However, in order to reduce the large and complicated expression to 
the correct answer it was required that we also use the identity arctan(r )+ arctan(1/r  = 
sgn(C)1r/2 to get 
[ ~-/2 c0s4(r 3,n.(2 1~'~_ g2 + g2_ 2) 
(g sin(~b) + 1) 2 de  = (6) a-~/2 2g 4 
The last set of 0-integrals are far more complicated. They can be written in terms of a 
function g, given by 
g = , (7) 
a- -CX 
where x = cos 0, c = cos/3, s = sin/3. 
A representative 0-integral is 
c - (a /b )x~ 2 ~/1 -gZ-1  
where a = ~ and b -- e. 
The following transformation turns out to be useful: 
t2+ S 2 _ a z 
x= 
2(t+ac) ' 
(8) 
(9) 
but solving this relation for t results in two branches. It is therefore more practical to 
transform the differential dx so that 
t2 + 2act + c2 + a2-1 
dx= 2(t+ac)a dt (10) 
and give MACSYMA the actual transformed integral in indefinite form. Once again this 
technique is used to avoid the queries about conditions on the parameters of the integral 
f [-c-1 (at 2 + 2bct + 2abe 2 - ac 2 - a 3 + a )2 
+c+1 ( t -c+a+l ) ( t+c+a-1) ( t+ac)  2 
I - 2b2(c + 1) (11) 
dt 
MACSYMA computes the indefinite integral and we manually insert the limits. The 
resulting expressions are quite complicated but patiently combining like terms results in 
the following answer: 
I - (bc + a) 2 log[(c + a)/(a - 1)] q (bc - a) 2 log[(a - c)/(a + 1)] 
b2(c-  1)(e+ 1) b2(c - 1)(c + 1) 
a log[ (a+l ) / (a  ~ l ) ] (2bc -a2c+a 2) 2a ~ 
b~(c_l) b~. (12) 
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After  per forming the integrations, the radiation factor F(e, ee, fl) reduces to 
F(s 'ee ' f l )=e2(Ee-1)  e2(c+l )  l~ ~- -  1 
2e2-eee2(c -1 )+(e%-2eee) (c+l )  ee -c+F 
log (13) 
e2(c + 1)F ee - c -F '  
where F = [2e , (1 -  c) -  s2] 1/2, c = cos/3, and s = sin/3. 
Equat ion  (13) has been verified, for special cases, by comparing it with published data. 
Equat ion (13) reduces to Eq. (10) in Abouzahra & Lewin (1979) when/3  = 180 ~ and to 
(31) in Lewin (1960) when/3  =90 ~ and e~ = e. 
4. Conclusion 
We have shown that computer  algebra systems constitute extremely useful tools for 
solving electromagnet ic problems. In our application we have used MACSYMA to derive 
a c losed- form expression which was sufficiently complicated that manual  derivation would 
have been very difficult or almost impossible. 
This work was sponsored by the Department of the Air Force. The views expressed are those of 
the authors and do not reflect the official policy or position of the US Government. 
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